Topological insulators as new type of quantum matter materials are characterized by a full insulating gap in the bulk and gapless edge/surface states which are protected by time-reversal symmetry. We propose the interference patterns caused by elastic scattering of defects or impurities are dominated by surface states at the extremal points on the constant energy contour. Within such formalism, we summarize our recent theoretical investigations on elastic scattering of topological surface states by various imperfections, including the non-magnetic impurities, magnetic impurities, step-edges, and various other defects, in comparison with recent related experiments in typical topological materials such as BiSb alloys, Bi2Te3 and Bi2Se3 crystals.
Topological insulators as new type of quantum matter materials are characterized by a full insulating gap in the bulk and gapless edge/surface states which are protected by time-reversal symmetry. We propose the interference patterns caused by elastic scattering of defects or impurities are dominated by surface states at the extremal points on the constant energy contour. Within such formalism, we summarize our recent theoretical investigations on elastic scattering of topological surface states by various imperfections, including the non-magnetic impurities, magnetic impurities, step-edges, and various other defects, in comparison with recent related experiments in typical topological materials such as BiSb alloys, Bi2Te3 and Bi2Se3 crystals. 
I. INTRODUCTION
The discovery of topological insulators (TIs) has attracted a great deal of attention.
1,2 A threedimensional (3D) TI has a time-reversal invariant band structure with nontrivial topological order, which possesses an energy gap in the bulk and gapless metallic states on the surface. The surface band consist of an odd number of Dirac cones with unconventional spin texture in the surface Brillouin zone. One of the intriguing properties in such spin-textured surface states (SSs) is their insensitivity to spin-independent scattering, which is protected from backscattering by the timereversal symmetry (TRS). Exotic excitations such as Majorana fermions, 3 magnetic monopole 4 and dynamical axion field 5 are predicted to exist as results of topological SSs.
Soon after the theoretical prediction 6 , Bi 1−x Sb x alloy with composition x ranged from 0.07 to 0.22 was found to be a TI with five Dirac cones by the angleresolved photoemission spectroscopy (ARPES).
7 ARPES measurements observed topologically nontrivial SSs, and the spin-resolved ARPES measurements reported the helical spin texture of the massless Dirac fermions in the system. 8 However, the SSs in Bi 1−x Sb x are rather complicated which can hardly be described by a simple model Hamiltonian. Subsequently, a family of binary compounds, Bi 2 Se 3 , Bi 2 Te 3 and Sb 2 Te 3 , was discovered and investigated as the second generation of TIs. [9] [10] [11] [12] Among them the Bi 2 Se 3 contains only a single Dirac cone within the gap as large as 300 meV, and as the "hydrogen atom" of TIs is easier to study. The helical spin texture of SSs in Bi 2 Se 3 is observed to be left-handed. 11 All these characteristics suggest that direct backscattering between the time-reversal pair of helicity states with opposite momenta and spins is prohibited, and the Anderson localization will not occur in these two-dimensional (2D) helical liquid.
In addition to the ARPES, the low-temperature scanning tunneling spectroscopy (STS) as well as microscope (STM) is another important probe in the TI research field, which provides a direct way to study the SSs through measuring the local density of states (LDOS) in the vicinity of various imperfections. Due to the elastic scattering by impurities, the incoming surface wave with a wavevector k i must be scattered into the outgoing one with k f on the same constant energy contour (CEC). The quantum interference between the incoming and outgoing waves gives rise to the standing wave oscillation with wavevector q = k f −k i , which is often referred as the characteristic scattering wavevector, or the transferred momentum. Energy-resolved Fourier transform STS (FT-STS) can be used to obtain the scattering wavevectors of modulations in the LDOS and detailed information on the symmetry as well as physics of scattering processes for the SS electrons. 13 This technique has been proved valuable in studying the SSs on noble metals 14 and on semiconductor surfaces, 15 and even on the pairing symmetry of the high-T c superconductors 16 and the graphene. 17 The absence of backscattering is a specular manifestation of the topological nature of the SSs. Different from the edge states in two-dimensional (2D) TIs, in which the forbidden back-scattering means the annihilation of all types of elastic scattering by the spin-independent potentials, the SSs in 3D TIs will experience single-particle elastic scattering associated with all scattering angles except for 180 0 backscattering. Thus investigating the quasiparticle interference (QPI) caused by scattering off impurities and defects on the TI surfaces and revealing the topological nature of the SSs through the FT-STS are interesting and useful, in particular based on combination of the theoretical and experimental investigations.
The QPI patterns induced by non-magnetic impurities on surfaces of Bi 14 The faster decay of QPI pattern is believed to result from the suppression of backscattering in TIs. For magnetic impurities on Bi 2 Te 3 which breaks the TRS, although the TR violating scattering vectors have been reported, 29 it is still controversial whether the direct backscattering between the time-reversal pair is responsible for the unusual sensitivity to magnetic scattering.
20
So far intensive STM and ARPES investigations have demonstrated the topological properties of SSs; however, a general picture of the QPI on the surface of various TI systems remains elusive, particularly when taking account of the quality of TI samples and the warping effect of the Dirac cone.
12, 30 Here, not only the anisotropic band dispersion of the SSs, but also the warping effect includes coupling between the surface and bulk bands. In this article we will give a comprehensive review on elastic scattering of SSs in various TI systems. The SS-LAphonon quasi-elastic scattering plays an important role in transport of SSs, 31 but not affect the QPI pattern significantly, so it will not be reviewed in this article. With the recent experimental results, we present a general formalism to account for the complex QPI on TI surface. We propose that the interference patterns are dominated by SSs at the extremal points on the CEC. In applying this theory to Bi 2 Te 3 with strong warping effect, we show that, when tuning the bias voltage, for scattering off a non-magnetic impurity the QPI wavevector depends on the shape of Fermi surface sensitively, which varies from conical toΓ-K and finally toΓ-M , as the CEC changing from circle to hexagon and finally to snowflake. And the decay index off a step edge also critically depends on the energy of SSs, varying from −3/2 to −1/2 and finally to −1 as the energy increases. As for TIs with nearly isotropic Dirac cone, such as Bi 2 Se 3 , 32 according to our theory the decay index is simply −3/2. For the scattering off a magnetic impurity, the direct backscattering is allowed due to the TRS breaking. However, we will show such backscattering between time-reversal pairs in the presence of TRS breaking can be hardly seen in LDOS by STM. Therefore, the QPI pattern of magnetic impurity is still similar to that of non-magnetic impurity.
The organization of this paper is as follows. After this introductory section, Sec. II describes the general theory for QPI of 2D SSs. Here we focus on the Bi 2 Se 3 family for their SSs can be described by a simple Hamiltonian. Section III is devoted to the standing wave due to step edge scattering compared to experiments. Section IV describes the QPI pattern by scattering off the non-magnetic impurity in combination with related experiments. Section V describes the scattering of SSs by the magnetic impurity. Section VI summarizes the experimental studies on the scattering off surface fluctuation and one-dimensional buckling. Section VII concludes this paper with a short summary and discussions. 
where ≡ 1, k ± ≡ k y ± ik x , v is the Dirac velocity, λ is the warping parameter, and σ i (i = x, y, z) are Pauli matrices acting on spin space. For simplicity, we ignore the particle-hole asymmetry here as it affects the shape of Fermi surface little. The surface band dispersion is
where ε ± denotes respectively the upper and the lower energy bands touching at the Dirac point, and k ≡ (k, θ) with θ as the angle between the wave vector k and k xaxis (Γ-M ). Defining the characteristic energy ε * ≡ v v/λ and length d ≡ λ/v, in Fig. 1 we plot a set of CEC of the upper band in momentum space with no free parameters for Bi 2 Se 3 and Bi 2 Te 3 , respectively. For Bi 2 Se 3 , λ = 128 eV·Å 3 and ε * = 0.52 eV, 9,32 so that the CEC is nearly isotropic from 0 to 0.42ε * (0.22 eV). As shown in Fig. 1 , when the Fermi energy increases, the shape of CEC evolves from a circle (E = 0.31ε * ), more hexagon-like (E = 0.55ε * ), hexagon (E = 0.7ε * ) and to concave hexagon (E = 1.0ε * ). In Bi 2 Te 3 , λ = 250 eV·Å 3 and ε * = 0.23 eV, 12 so the warping effect is stronger. As shown in Fig. 1 , when the Fermi energy increases, the shape of CEC evolves from a hexagon (E = 0.7ε * ), concave hexagon (E = 1.46ε * ), more hexagram-like (E = 1.91ε * ) and to six-pointed shape of snowflake (E = 2.4ε * ). The evolution of the Fermi surface with respect to energy agrees well with the ARPES results.
12,32
As we shall see, such changes in the shape of the Fermi surface will have drastic effects on the QPI around an impurity.
We consider the quasiparticle scattering problem within the T -matrix approach. For a single non-magnetic or magnetic impurity located at the origin (r = 0) on the surface with the potential
where σ µ = 1 2×2 for µ = 0 denotes non-magnetic impurity, and σ µ = σ x,y,z are the Pauli matrices for µ = 1, 2, 3 denotes magnetic impurity. The LDOS can be expressed as
= ρ 0 (r, ω) + δρ(r, ω), Let the unperturbed surface Green's function be G 0 , the perturbed Green's function can be expressed as
where Λ is the energy cutoff when integrating over momentum, and T is given by
Here we assume the translation symmetry in the unperturbed system and the momentum independent scattering potential. The spatial modulation of the LDOS is induced by H 1 in the vicinity of impurities. To resolve the wave vector of the modulation of interference, it is convenient to calculate the Fourier-transformed LDOS
From the real-space LDOS, one can get the power-law decay as a function of distance away from the impurity center δρ(r, ω) ∝ 1/r α . While from the q-space LDOS, one can get the allowed wave vector q and the relative intensities for various scattering processes experienced by the SS electrons. Both the real-space and q-space information can be obtained by STM.
For the case of scattering by a step edge, the scattering potential is taken as V δ(x). It is straightforward to compute the LDOS by the standard procedure described above. However, without loss of generality, it is more convenient to treat the scattering problem by using an analogy of the elementary scattering problem with a barrier potential, either in 1D (step-edge) or 2D with rotational symmetry (magnetic or non-magnetic impurity), which is directly based on the wave function point of view. We will discuss the formalism in Sec. III A and Sec. IV A, respectively.
III. SCATTERING BY STEP-EDGE A. Theory
Let us first consider the scattering of SSs by a step edge. The step on a surface along a crystallographic axis in principle reduces the interference problem to a 1D phenomenon. The step edge in a 2D conventional Fermi gas is known to give rise to Friedel oscillation at a fixed energy in the LDOS.
14 Since the step edge scattering is a type of elastic scattering, the incoming SS with wave vector k i and the outgoing one with k f are on the same CEC. Assuming the step edge along the y-direction, the k y component of the wave vectors should be conserved in the scattering process, i.e. k i y = k f y ≡ k y . The interference between the incoming and outgoing waves gives rise to the standing wave oscillation in the x-direction. The total LDOS is the sum of contributions from all these oscillations from the SSs on a CEC. For a given energy E, we can integrate over k y on the entire CEC and express the LDOS explicitly as
where r c is the reflection coefficient of the potential barrier of the step-edge, and ξ denotes the spin wave function of the SS of the form ξe ikxx+ikyy . A pair of states k i and k f scattered by the step along y-direction results in a standing wave with spatial period of 2π
Since the oscillation period is different for different value of k y , a large number of scattering pairs will interfere destructively, and only the pair whose period is stationary with respect to small variation in k y may make dominant contribution to the LDOS oscillations. Such pair of points [(k i x0 ,k y0 ) and (k f x0 ,k y0 )] on CEC are called the extremal points (EPs).
33 Namely, ∂∆k x /∂k y | ky0 = 0. And ∆k x0 is the characteristic scattering wavevector which critically depends on the geometry of CEC. Other standing waves will cancel at large x because of mutual interference. The spatial dependence of LDOS oscillations in Eq. (10) can be evaluated by expanding the relevant quantities around each pair of EPs. Let k y = k y0 + δk y , then ∆k x = ∆k x0 + n ∆k xn δk 
where a=min (l), b=min (m), c=min (n), g = E dk k (a+b−c+1)/c e i∆kxck , and φ s is the initial phase of each pair of EPs. The decay behavior of LDOS in Eq. (11) is valid as long as x ∆k −1 x0 . The decay index associated with a pair of EPs is given by (a + b + 1)/c, which is solely determined by the properties of the scattering wave function around the EPs on a given CEC.
The step edge is always along the close packedΓ-K direction. As shown in Fig. 2(a) , In Bi 2 Se 3 , when the Fermi energy increases, the shape of CEC evolves from a circle (E 1 = 0.31ε * ), more hexagon-like (E 2 = 0.55ε * ), hexagon (E 3 = 0.7ε * ) and to concave hexagon (E 4 = 0.83ε * ). In a wide range of energy only a single pair of EPs exists at (k, −k), so the characteristic wave vector is always equal to 2k and c = 2. In Bi 2 Te 3 , the warping effect is stronger, and the power law decay behavior is more complicated. As shown in Fig. 2(b) , EPs evolve with the energy as follows: Single pair of EPs (k 1 ,−k 1 ) at E 1 = 0.7ε * ; Multiple pairs of EPs (k 1 ,−k 1 ), (k 2 ,−k 3 ) and (k 3 ,−k 2 ) at E 2 = 1.46ε
* > E c ≡ 3 1/3 11/9ε * 1.45ε * ; Two pairs of EPs (k 2 ,−k 3 ) and (k 3 ,−k 2 ) survive at E 3 = 1.91ε * , as the SSs along theΓ-M direction merge into the bulk conduction band; No EPs at all at E 4 =
2.4ε
* , because the SSs separate from bulk states only in the very vicinity alongΓ-K direction on the Fermi surface as observed in the ARPES experiment.
12 In this case, scattering between SSs around (k 4 ,−k 5 ) and (k 5 ,−k 4 ) will mostly contribute to LDOS oscillations, but they are not EPs and c = 1. Thus in Bi 2 Te 3 the characteristic wave vector and the LDOS oscillation period critically depend on the energy of SSs via varying the bias in the STS. In most cases we have parameter c = 2 except for Fermi energy as high as E 4 (c = 1).
For the incoming state with wave vector k i =(k i , θ i ) and energy ε + (k i ), the inner product of two spin wave
. It vanishes only for EPs associated with zero θ, when the spins are exactly anti-parallel for the time-reversal pairs of (k, −k) and (k 1 , −k 1 ). Since b is the lowest power for ξ Assuming the step edge potential is V (x) = 0 for x < 0 and V (x) = −V 0 (V 0 > 0) for x > 0, by matching the boundary condition at the edge the reflection coefficient can be obtained as
where (k t , θ t ) is the momentum of the transmitted state,
Due to the constraint by TRS, r(θ i ) = −r(−θ i ), and the normal reflection r(θ i = 0) = 0, which means the absence of backscattering. a is the lowest power for r, thus a = 1 for the backscattering pair of (k, −k) in Bi 2 Se 3 and (k 1 ,−k 1 ) in Bi 2 Te 3 , and a = 0 for other pairs in Bi 2 Te 3 .
In short, the algebraical decay index is 3/2 for (k, −k) and (k 1 ,−k 1 ) pairs, 1/2 for (k 2 ,−k 3 ) and (k 3 ,−k 2 ) pairs, and 1 for (k 4 ,−k 5 ) and (k 5 ,−k 6 ) pairs. Therefore, the LDOS oscillations of the SSs in Bi 2 Se 3 should decay as x −3/2 in a wide range of energy (as long as E < 0.76 eV), much faster than x −1/2 in 2DES.
14 On Bi 2 Te 3 surfaces, as the bias increases, LDOS oscillations decay first as x −3/2 (E < 0.33 eV), then as a combination of x −3/2 and x −1/2 , then as x −1/2 , and finally x −1 .
TABLE I. Index of power law decay of standing waves of SSs scattering by step-edges. ε1 denotes the energy at which the SSs alongΓ-M begin to merge into bulk conduction band, ε2 denotes the energy where the SSs only exist in the very vicinity alongΓ-K. εmax is the energy upper bound for the surface Dirac electron.
B. Experiments
Kapitulnik's group performed STM and STS study on Sn-and Cd-doped Bi 2 Te 3 crystals. 27 By analyzing the oscillation of LDOS near a step-edge, they showed that topological SS oscillations are strongly damped compared to conventional SSs. This is another hallmark of the severe suppression of backscattering, hence supporting the TRS protected SSs in Bi 2 Te 3 . An interesting observation in experiments is the emergence of pronounced oscillations with a distinct wave vector at higher energies, which may result from a hexagonal warping of the surface band structure.
Xue's group reported the first interference fringes at the step edges on Bi 2 Se 3 surface thanks to their high quality sample. 19, 26 By analyzing decay power of standing wave oscillations across a step on Bi 2 Se 3 , they showed that the oscillations decay index is x −3/2 , much faster than in 2D metal x −1/2 . 14 This confirms the suppression of backscattering of topological SSs in Bi 2 Se 3 due to TRS. Such faster decay power of −3/2 in Bi 2 Se 3 is also confirmed by Stroscio's group. 28 While in Bi 2 Te 3 with strongly warped surface band, they clearly reveal the variation of the QPI decay index with the bias voltage. As shown in Table 1 , as the energy of SS increases, the power index varies from x −3/2 to a mixture of x −3/2 and x −1/2 , to x −1/2 , and finally to x −1 . The x −1/2 decay indicates that the suppression of backscattering due to TRS does not necessarily lead to a spatial decay rate faster than that in the normal 2DES. As shown in Ref. 26 , the agreement between experiment of Xue's group and our theoretical prediction is surprisingly perfect.
IV. NON-MAGNETIC IMPURITY

A. Theory
Now we switch from the 1D scattering to 2D scattering. We first consider the interference patterns of topological SSs due to a non-magnetic impurity. The interference wave vectors of the QPI pattern can be simply understood by exploring the standing wave formation mechanism. Suppose an incident wave ψ i ∝ e 
with f (θ) denoting the scattering amplitude and r denoting the distance away from the impurity center. Also because of the elastic scattering, k i and k f are on the same CEC. There are various scattering directions between incoming and outgoing SSs, but most of these processes interfere destructively, contributing little to the standing waves. The interference pattern are dominated by the pair of EPs on the CEC either, 26 which resembles the Fermat's principle in optics. The characteristic scattering wavevector of the QPI pattern at large distance in a given directionr comes from scattering between states at EPs on the Fermi surface, where the Fermi velocity is parallel tor.
For the circle-like CEC shown in Fig. 3(a) , the EP pair only exists at k and its time-reversal partner −k. There are many such pairs, for example, (k 1 , −k 1 ), (k 2 , −k 2 ), and (k 3 , −k 3 ), etc. Let q 1 represent the backscattering vector between k and −k. Obviously, there is no dominating direction of q 1 in the circle case. The two states |k, ↑ and |−k, ↓ , which are related by the TRS as |−k, ↓ = T |k, ↑ , carry opposite spins, hence
Thus the q 1 -scattering between two Krames degenerate states is forbidden. Here T is the time-reversal operator with T 2 = −1, andÛ is a TR-independent operator representing the non-magnetic scattering potential. Therefore, the LDOS oscillation vanishes to leading order. Taking the next order into account, it decays algebraically as 1/r 2 . For a convex CEC shown in Fig. 3(b) , there exist only two kinds of characteristic wave vectors: q 1 alongΓ-K and q 2 alongΓ-M direction. Both of them connect a pair of TRS states whose scattering is prohibited, thus the LDOS oscillation decays as 1/r 2 . For a hexagon-like CEC shown in Fig. 3(c) , there exist three kinds of characteristic wave vectors: q 1 , q 3 alongΓ-K and q 2 alongΓ-M . Obviously, the q 1 and q 2 scattering are forbidden for they connect pairs of TRS states. The q 3 connects a pair of states at EP, which dominates the QPI, and it decays as 1/r. With the concave hexagram Fermi surface as shown in Fig. 3(d) , there exist only two kinds of characteristic wave vectors: q 1 alongΓ-K and q 2 alongΓ-M direction. q 1 is forbidden, and q 2 dominates the QPI with decay index 1/r. The characteristic wave vector and decay power of the QPI pattern is summarized in Table 2 .
The scattering theory of the EPs can better explain the experiments. In the scattering configuration for Bi 2 Te 3 as shown in Fig. 3(d) , by numerical calculations we obtain the allowed scattering vector q 2 , which varies linwave vector decay power 
B. Experiments
Yazdani's group reported their STM study of disorder scattering of SSs on Bi 1−x Sb x alloy.
18 They used the energy-resolved FT-STS to draw the interference wave vectors in q-space. By comparing with spin-resolved ARPES data, a comprehensive analysis of QPI patterns indicated there were eight allowed scattering wave vectors, excluding those connecting states of opposite spins. With the spin-selective scattering they explicitly proved the TRS of topological SSs in this material. More recently, STM experiments further demonstrated that the topological SSs could penetrate barriers while maintaining their extended nature in Sb. 34 Xue's group reported the first direct STM imaging of standing waves on the Bi 2 Te 3 (111) surface. 19 The interference fringes are caused by scattering off non-magnetic Ag atoms of the topological states. The Dirac dispersion relation of E(k) of SSs is confirmed by the voltage dependent QPI patterns. The experiment of Xue's group indicates the backscattering of SSs is completely suppressed, which is a direct proof of the topological nature of the SSs in Bi 2 Te 3 . It worths mentioning that the allowed interference wave vectors in Bi 2 Te 3 come from the intravalley scattering, i.e. the SSs are within the single Dirac cone; while in Bi 1−x Sb x alloy the scattering wave vectors are related to the intervalley scattering between different Dirac cones.
Later, Yazdani's group reported the STM study of the QPI patterns on the surface of Ca-doped Bi 2 Te 3 at several bias voltages. 20 The standing wave patterns in qspace exhibit six strong peaks along theΓ-M direction for SSs with high energies, and circular patterns with lower ones. This can be well understood on the basis of the Fermi surface shape and its associated spin texture. The warped Fermi surface in Bi 2 Te 3 dominates scattering of SSs with high energies relative to the Dirac point. In the low-energy region where the dispersion of SSs is conic and the scattering results in a simple circular pattern in the Fourier-transformed QPI. The low energy scattering pattern is also consistent with the helical spin texture of the topological SSs that still allows all scattering processes except for the direct backscattering.
V. CLASSICAL MAGNETIC IMPURITY
A. Theory
The TRS in TIs is broken by doped magnetic impurities, so that in principle the backscattering process will occur, which is prohibited in TI with non-magnetic impurities only. Here we focus on the effects of a classical magnetic impurity, which implies the Kondo physics can be ignored.
Suppose the scattering potential of an magnetic impurity is
where σ i (i = x, y, z) are the Pauli matrices denoting the electron spin, S i is the expectation value of the local magnetic moment, and J eff i denotes the effective exchange coupling between electron spin and local magnetic moment. As indicated by Eq. (15), with TRS, the backscattering is absent between a pair of TR-states of |k, ↑ and |−k, ↓ . It is thus straightforward to prove the TRS-breaking potential such as the potential of magnetic impurities can remove such a constraint on backscattering, because
However, such backscattering between TR pairs can hardly be observed in the LDOS spectra.
? Instead of having δρ ↑ (q, ω) = δρ ↓ (q, ω) in the non-magnetic impurity case, here we have δρ ↑ (q, ω) ≈ −δρ ↓ (q, ω). Suppose the magnetic moment of the impurity is along the z direction, then the spin-up electrons and spin-down electrons experience opposite scattering potentials. Thus to the lowest order of perturbation theory, the scattering amplitudes of the spin-up and spin-down electrons have opposite sign, so that the total interference pattern of the charge density vanishes almost everywhere.
This argument no longer holds if higher orders of perturbation are considered. The higher order perturbations to the scattering amplitude would lead to similar results as in non-magnetic impurities.
B. Experiments
Recently, Madhavan's group reported the first TR violating scattering vectors in magnetically doped TI of Bi 2 Fe 2−x Te 3 by using FT-STM dI/dV maps. 29 Similar to previous studies, 19 a sixfold symmetric pattern with intensity centered along theΓ-M directions are observed above 150 meV. Remarkably, at low energies starting around 60 meV, a new set of scattering vectors centered alongΓ-K directions have appears, not reported in prior studies. By comparing with ARPES results, they claimed that the new scattering channels arose from the forbidden backscattering. However, at the energy 140 meV where scattering vector alongΓ-K emerges for the CEC similar to the hexagon in Fig. 3(c) . The scattering vector by a non-magnetic or magnetic impurity should be along theΓ-K direction solely due to the shape of Fermi surface. Therefore, whether these new scattering channels arise from the forbidden backscattering or not is still unsettled.
Later, Yazdani's group reported the standing wave patterns on Mn-doped Bi 2 Te 3 and Bi 2 Se 3 . 20 The detailed Fourier analysis of the QPI patterns in q-space shows that the short wavelength scattering in different samples have similar results, which is independent of whether the scattering dopant is magnetic or not, or even if magnetic order is established. The FT-QPI pattern consists of six strong peaks along theΓ-M directions at high energies and circular patterns at lower ones. These results strongly support that in the presence of weak magnetic impurities the backscattering between time-reversal pairs can hardly be seen in the LDOS.
Kimura's group reported the QPI pattern induced by cobalt adatoms on the Bi 2 Se 3 surface by STM. 35 They find that Co atoms are selectively adsorbed on top of Se sites and act as strong scatter centers on the surface, generating anisotropic standing waves alongΓ-M directions. However, the long-range ferromagnetic order is found to be absent, and the Dirac cone of SSs remains gapless. The anisotropy of the standing waves at high bias voltage is ascribed to the heavily warped CEC of unoccupied states. At low voltage the QPI patterns due to the occupied states near Dirac cone vanishes, which suggests that the time-reversal protection of the topological SSs persists even in the presence of Co impurities.
VI. OTHER DEFECTS
Yandani's group studied the influence of the bulkoriginated disorder potential on the short-wavelength interference patterns caused by the surface impurities in Bi 1.95 Mn 0.05 Te 3 .
20 They find the wave vector shift of the QPI pattern in the real-space LDOS with high and low voltages, which suggest the surface Dirac electrons alter their wavelength to adjust to the underlying bulk disorder potential, and are not immune to such perturbations. Whereas such fluctuations in momentum are a relatively weak perturbation to the Dirac electrons with high energies; near the Dirac point they are comparable to the average value of the momentum. The lack of well-defined momentum near the Dirac point due to the fluctuations reported is also likely to play a role in the apparent suppression of the ARPES measured signals in magneticallydoped TIs advocated recently.
36,37
Madhavan's group used the STM and STS to investigate the effects of one-dimensional buckling on the electronic properties of Bi 2 Te 3 .
38 By tracking spatial variations of the interference patterns generated by the Dirac electrons, they show that buckling imposes a periodic potential, which locally modulates the SS dispersion. Such potential induces the scattering alongΓ-M direction, which support the absence of backscattering and wellnesting of the snowflake-like CEC.
VII. CONCLUSION
The theoretical and experimental investigations indicate that the LDOS oscillation on the surface of TIs is generally determined by the scattering between surface states around the extremal points on Fermi surface, either by step edges or by non-magnetic impurities. The forbidden backscattering and suppressed standing wave oscillation clearly demonstrate the 2D Dirac nature of topological surface states. The robustness of the topological surface states may have potential application in quantum computing or spintronics in the future.
